ASCHAM SCHOOL

2019 YEAR 12
MATHEMATICS EXTENSION 2
TRIAL EXAM

GENERAL INSTRUCTIONS
Reading time — 5 minutes

Working time — 180 minutes

Use black pen, non-erasable
NESA-approved calculators may be used
Reference Sheet is provided

Total Marks - 40

Section A — Multiple Choice (1 mark each)
Attempt Questions 1 to 10.
Select answers on the separate multiple choice sheet provided.
Write your NESA number on the multiple choice sheet.

Section B — Questions 11 — 16 (15 marks each)
Start each question in a new booklet.
If you use a second booklet for a question, place it inside the first.
Label extra booklets for the same question as, for example, Q11-2 etc.
Write your NESA number and question number on each booklet.
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Section A - Multiple choice (10 marks)

(Mark the correct answer on the sheet provided.)

1. Which is a possible equation of the following hyperbola?

A) 92 —16y* =144 B) 162° —9y° = 144
C) 92° —16y° = —144 D) 162° —9y®> = —144
2. 270 _ o
—2—1
A) 344 B) —1
5 5
Q) —1+2 p) -2
3 3
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3. The diagram shows the graph of the function y = f(z).
Y
A

S A

Which of the following is the graph of y = f(‘ :1;|) ?

A) UN B) N
AYa
| 1 I I ’x | -1 I Iz
yﬂ yl\
C) D)
>

4. The polynomial equation z* + Az + B =0 has roots «a, 3 and . What are
the roots of the polynomial equation (3z+2)* + A(3z+2)*+ B =07

M) Q9B 90 gy &=2 f=2 72
3 '3 3 3 3 3

2 .2 2

C) 3a+2,38+2,3y+2 D) a+§,[3+§,7+§
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5. Given the rectangular hyperbola xy = 25, which is the correct equation of its
directrices?
5
2
C) o4y ==+52 D) z+y=+10
6. Let «, 3 and 7 be the zeroes of the polynomial z* + 5z — 3. Find the value of
Oé3 + 63 _|_ ,)/3.
A) —125 B) 0
C)9 D) 34

7. The equation ‘z — 3| + ‘z + 3| = 10 defines an ellipse. What is the length of the

semi-minor axis?

A) 4 B) 5
C) 8 D) 10
8. The complex number z satisfies the equation ‘z — 2‘ =1. What is the

maximum value of arg(z)?

|1 a1
A) tan [5] B) tan [ﬁ]

C) tan'1 D) tan' J3
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9. The following diagram shows the graph y = P'(z), the derivative of a
polynomial P(z).
YA

KY

0/1 2
2

Which of the following expressions could be y = P(z)?
A) 2(z—2) B) z(x —2)°

Q) (22 —1)(z —2)? D) (22 —1)(z — 2)°

3
10. After differentiating a relation implicitly, we find that % = \/; .

Which of the following could be a graph of this relation?

"N
BaEE..
ey
4% NvA

(End of Section A. Question 11 begins on the next page.)
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Section B (35 marks)

Question 11 (Begin and label a new booklet.) (15 marks)

a) Evaluate ﬁ log z dx. 2]
™ . 3

b) Evaluate f st dz . [3]

2
i) Find values A, B and C so that e+l 4 E—F ¢ . 3]
7’ + 32 r ° z+3
2
ii) Hence find f 373—1——33—:1 de . [1]
x4 3z
Find L using the substitution ¢ = tanz . Leave your answer in
24 sin2z
terms of ¢. 3]
The polynomial P(z) =z’ + 22" + az’ +bz® has (z—1)° as a factor.
Show that a =—7 and b=14. 3]

(End of Question 11.)
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Question 12 (Begin and label a new booklet.) (15 marks)

a) Solve 2> =5—12i, giving your answer/s in the form z + 4y . 2]

b) i) Express —1—1 in modulus argument form. 2]
ii) Hence find the real part of (—1—14)". 2]

Im

Alz)

As shown, the points O, C, A and B on the Argand diagram represent the
complex numbers 0,1, z and z + 1 respectively, where z = cosf + isinf

0 <60 < 7. Copy the diagram.

i) Explain why OCBA is a rhombus. [1]
B(z+1)
ii) Draw the vector z—1 on the diagram and hence explain why
2l is purely imaginary. 2]
Re zZ+

iii) Find, in terms of 6, the modulus and argument of z+1.

2]
Let w be a non-real root of z' —1=0.
i) Show that 1+ w+w’+w’ +w' +w” +w’ =0. [1]
ii) Simplify (w+ w* +w") (W + &’ +w?). 2]
iii) Sketch and label on the Argand diagram all seven roots of 2" —1=10.
(You are not required to derive them.) [1]

(End of Question 12.)
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Question 13 (Begin and label a new booklet.) (15 marks)
a) Drawn below is the graph of y = 1271’2 Stationary points at A and A’ are
+x
labeled as shown.
Ay
A(1.1)
%
A-1,-1
Sketch on separate axes, labeling any important features:
. 1
D oy =
Y 1+ 2’
N 1+2°
i) y= 2]
2z
92 2z
iii = 2
)y T 2]
2z
iv) y=1lo 2
) Y ge[ HxQ] 2]
b) Sketch the region on the Argand diagram that satisfies:
—2% <arg(z—2)<0 and Im(z) < ENA 2]

(Question 13 continues on the next page...)
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c) The shaded semicircle in the diagram below is rotated about the line z = 2.
Yy
A
: <
0 I 2 T
-1

i) Using the method of cylindrical shells, show that the volume V of the
resulting solid is given by:

V:f:47r(2—:v) 1—2° d. 3]

ii) Hence find the volume of the solid. 3]

(End of Question 13.)

10
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Question 14 (Begin and label a new booklet.) (15 marks)
.l 1 1 4
a) Suppose that x and y are positive. Prove that —+ — > : 3]
Ty xz+ty
b) An object of mass 5 kg is dropped in a medium where the resistance at speed

v m/s has a magnitude of v Newtons. The acceleration due to gravity is
10 m/s*.

i) Taking downwards as the positive direction, draw a force diagram and show

that the equation of motion is # = 505_ y 2]

ii) Find an expression for the velocity v at time ¢ seconds after the object is
dropped. 2]

iii) Find the terminal velocity of the object. [1]

iv) Show that the distance x metered travelled when the speed is v m/s is
given by:

z = 250log, [ ] —5v 2]

50 —wv

(Question 14 continues on the next page...)

11
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c) The diagram above shows two circles intersecting at K and M . From points
A and B on the outer arc of one circle, lines are drawn through M to meet
the other circle at P and @ respectively. The lines AB and QP meet at O.

i) Let 6 = ZKAB, and give a reason why /KM@ =6.
[1]

ii) Prove AKPO is a cyclic quadrilateral. 2]

iii) Let ¢ = ZAKM . Show that if OBMP is a cyclic quadrilateral, then the
points A, K and () are collinear. 2]

(End of Question 14.)

12
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Question 15 (Begin and label a new booklet.) (15 marks)

a) Suppose that a, b and ¢ are the side lengths of a triangle.

i) Explain why (b—c)’ <a’. [1]
ii) Deduce that (a+b+c)’ < 4(ab+ be + ca) 2]

b) The point P(sec6, tan @) lie on the hyperbola with equation z* —y> =1. A
vertical line through P intersects with an asymptote at S and with the z-axis
at T as shown. The normal to the hyperbola at P intersects the z-axis at R.

The point F' is a focus of the hyperbola.
y A

£.P(sec, tan )

i) Show that the equation of the mormal to H at the point P is
y=—zsinf+2tanf. 2]

ii) Show that RS =2 x RT. 2]

iii) Find the coordinates of the point W which lies on SR such that TW is
parallel to the asymptote on which S lies. 2]

iv) For what values of 6 will FW be the perpendicular bisector of SR? [1]

(Question 15 continues on the next page...)

13
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c) i) A sector is normally made up of a triangle and a minor segment of a circle.
The shape below is made by subtracting the area of the minor segment from

the triangle.

Show that its area is given by A = r*|sinf — 0 . [1]
2

ii) A dome tent is built with a base made up of six congruent copies of the
shape from (i), each with radius 2 metres. The tent is supported by flexible
exterior poles extended between opposite corners in semi-circular arcs.

Y
Alternate 1
Side View

2 metres

iii) By taking slices parallel to the base of the tent, show that the volume

SIDE VIEW TOP VIEW

enclosed by the tent is [16\/5 — 16?#] cubic metres. [4]

(End of Question 15.)

14
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Question 16 (Begin and label a new booklet.) (15 marks)

1 2
a) Consider the integral I = f e dx .

0

i) Use integration by parts to show that I = —2i +nl , for n>1. [3]
e
.. 1 1
ii) Show that [, = ———. 1]
2 2

iii) Prove by mathematical induction that for all n >1:

1 1 1 1 2el
l+—+—+—+..+—=e——2=. [4]
120 3l n! n!

iv) By considering the value of 2%""e™ in the domain 0 <z < 1, explain why:
1 1 1

b) The numbers z, y and z satisfy:

T+y+z=95
4y +2° =8
x3+y3+23213

1
i) Show that zy+ 22+ yz = ?7 . 1]
ii) Show that 2’y + 2’z + 2y’ + 22 + v’z + y2° = 27. 2]
1
iii) Hence show that zyz = % 1]
iv) Use the previous parts to evaluate z* +y* + 2*. 2]

(End of Question 16.)

End of exam.

15
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